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Abstract. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on the
Banach space X into itself and let A be their infinitesimal generator. In this paper,
we show that if T (t) is uniformly ergodic, then A does not have the single valued
extension property, which implies that Amust have a nonempty interior of the point
spectrum. Furthermore, we introduce the local mean ergodic for C0-semigroup T (t)
at a vector x ∈ X and we establish some conditions implying that T (t) is a local
mean ergodic at x.
1. INTRODUCTION
The semigroup can be used to solve a large class of problems commonly known
as the Cauchy problem:
u′(t) = Au(t), t ≥ 0, u(0) = u0 (1.1)
on a Banach space X. Here A is a given linear operator with domain D(A) ⊂ X
and the initial value u0. The solution of (1.1) will be given by u(t) = T (t)u0 for
an operator semigroup {T (t)}t≥0 on X. In this paper, We will focus on a special
class of linear semigroups called C0 semigroups which are semigroups of strongly
continuous bounded linear operators. Precisely:
A one-parameter family {T (t)}t≥0 of bounded linear operators on a Banach space
X is called strongly continuous semigroup (C0-semigroup in short) [15] if it has the
following properties:
(1) T (0) = I,
(2) T (t)T (s) = T (t+ s),
(3) The map t→ T (t)x from [0,+∞[ into X is continuous for all x ∈ X.
In this case, its infinitesimal generator A is defined by
Ax = lim
t→0+
T (t)x− x
t
for all x ∈ D(A),
with
D(A) = {x ∈ X : lim
t→0+
T (t)x− x
t
exists }.
2010 Mathematics Subject Classification. 47A35, 47D60, 47A11.
Key words and phrases. Ergodic theorem, C0-semigroups, local mean ergodic, local spectral, SVEP.
1
2 LOCAL ERGODIC THEOREMS FOR C0-SEMIGROUPS
The Laplace transformation R(λ) =
∫ ∞
0
e−λtT (t)dt of a C0-semigroup T (t) on
B(X), is exactly the resolvent function of A (see [15, Paragraph p.25]), that’s means
R(λ,A) =
∫ ∞
0
e−λtT (t)dt, (1.2)
Let T (t) be a C0-semigroup of bounded linear operators in a Banach space X.
Ergodic theorems [8] have a long tradition and are usually formulated via existence
of the limits of the Cesàro averages C(t), defined as follows
C(t) := t−1
∫ t
0
T (s)ds, for t ≥ 0. (1.3)
The semigroup T (t) is said to be mean (resp. uniformly) ergodic [8] if the Cesàro
averages C(t) converges in the strong (resp. in the uniform) operator topology. This
notion is completely connected to study the limit of the Abel averages A(λ) of T (t),
defined by
A(λ) = λ
∫ ∞
0
e−λtT (t)dt, where λ > 0. (1.4)
Recall that, a semigroup T (t) is called Abel ergodic if the limit of the Abel averages
A(λ) when λ→ 0+, exists in the strong operator topology.
Much of modern works has been focused on the study the connection between
means ergodicity and Abel ergodicity for different class of semigroups. E. Hille and
R.S. Phillips in [5] deals with the uniform convergence of Abel averages A(λ) of
semigroup of class (A), a class slightly larger than C0-semigroups, under the as-
sumption ω0 ≤ 0. In [17], S.Y. Shaw obtained for a locally integrated semigroup
{T (t)}t>0 when X is over the complex field, under an assumption weaker than
ω0 ≤ 0, that means C(t) converges in norm if, and only if: (i) the resolvent function
R(λ,A) exists for every λ > 0, (ii) ‖T (t)R(1, A)‖/t → 0 as t→∞ and (iii) the Abel
averages A(λ) converges in norm when λ→ 0+. An interesting basic result needed
in this regard is the uniform ergodic theorem of M. Lin in [9], he treats the uniform
ergodicity of a C0-semigroup {T (t)}t≥0, under the assumption lim
t→∞
‖T (t)‖/t = 0.
Further condition have been obtained more recently by several authors [7, 10].
Around of the mean ergodicity, there are many works done on different classes of
semigroups defined on the Banach space X, see e.g. [6, 11, 16, 18].
This paper is organized as follows. In section 2, we give some definitions and
fundamental properties concerning the local spectral theory for a closed operator on
a Banach space X. In section 3, we shall employ local spectral theory to prove that
a generator A of a uniformly ergodic C0-semigroup {T (t)}t≥0 does not have SVEP
(Single Valued Extension Property), which implies that int(σp(A)) 6= ∅. Moreover,
we study some conditions implying that a C0-semigroup {T (t)}t≥0 locally satisfies
the convergence of Cesàro averages C(t): which means that T (t) is local mean
ergodic at some x ∈ X. In fact, we prove that if a generator A of C0-semigroup
{T (t)}t≥0 has the SVEP and 0 is a pole of the local resolvent function xˆA at x, then
T (t) is local mean ergodic at x.
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2. PRELIMINARIES
Throughout this paper, B(X) denotes the Banach algebra of all bounded linear
operators on a complex Banach spaceX into itself. Let A be a closed linear operator
on X with domain D(A) ⊂ X, we denote by N(A), R(A), σ(A), ρ(A), σp(A),
σsu(A) and R(., A), the kernel, the range, the spectrum, the resolvent set, the point
spectrum, the surjectivity spectrum and the resolvent operator of A, respectively.
Recall that for a closed linear operator A and x ∈ X, the local resolvent of A at x,
ρA(x) defined as the union of all open subset U of C for which there is an analytic
function f : U → D(A) such that the equation (A−µI)f(µ) = x holds for all µ ∈ U .
The local spectrum σA(x) of A at x is defined as σA(x) = C \ ρA(x).
Evidently, σA(x) ⊆ σsu(A) ⊆ σ(A), ρA(x) is open and σA(x) is closed.
Lemma 2.1. [4, 14] Let A be a closed linear operator on a complex Banach space
X. Then, µ ∈ ρA(x) if and only if there exists a sequence (xi)i≥0 ⊆ D(A), such that
(A− µ)x0 = x, (A− µ)xi+1 = xi and sup
i≥1
||xi||
1
i <∞.
Next, let A be a closed linear operator on X, A is said to have the single valued
extension property at λ0 ∈ C (SVEP for brevity [13]) if for every open disk Dλ0 ⊆ C
centred at λ0, the only analytic function f : Dλ0 → D(A)which satisfies the equation
(zI − A)f(z) = 0 for all z ∈ Dλ0 , is the function f ≡ 0. Moreover, A is said to have
the SVEP if A has the SVEP at every λ ∈ C. Denote by
S(A) = {λ ∈ C : A has not the SVEP at λ}. (2.1)
Clearly, A has the SVEP if and only if S(A) = ∅. Furthermore, we have the following
characterization: µ ∈ S(A) if and only if there exists a sequence (xi)i≥0 ⊆ D(A) not
all of them equal to zero such that x0 = 0, (A − µ)xi+1 = xi and sup
i≥1
||xi||
1
i < ∞.
From definition, we can see that every operator without SVEP has a nonempty open
set consisting of eigenvalues. So, if the point spectrum of an operator has empty
interior, then the operator has automatically SVEP. If A has the SVEP, then for every
x ∈ X there exists a unique maximal analytic function xˆA, called the local resolvent
function of A at x, defined on ρA(x), which satisfies (λI−A)xˆA(λ) = x, everywhere.
Moreover, if A has the SVEP, then we have the following equivalence:
σA(x) = ∅ ⇐⇒ x = 0.
The local spectral radius rA(x) of A at x ∈ X, is defined by
rA(x) := max{|z| : z ∈ σA(x)}.
If A has the SVEP, then the following local spectral radius formula holds:
rA(x) = lim sup
n→∞
‖An(x)‖
1
n .
For more details we refer to [1, 4, 13].
Let A be a closed linear operator with domain D(A) ⊂ X, the analytic core K(A)
and the quasi nilpotent part H0(A) of A, are defined respectively by
K(A) :=
{
x ∈ X : ∃(xn)n≥0 ⊂ D(A) and δ > 0 such that x0 = x,
Axn = xn−1 ∀n ≥ 1 and ‖xn‖ ≤ δn‖x‖
}
.
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H0(A) :=
{
x ∈ D∞(A) : lim
n→∞
‖Anx‖
1
n = 0
}
, with D∞(A) = ∩n≥1D(An).
Both spaces were thoroughly studied by M. MBEKHTA in [12] and [13]. The next
proposition gives a local spectral characterization for the analytic coreK(A) and the
quasi nilpotent part H0(A) of A.
Proposition 2.1. [13, Proposition 1.3] Let A be a closed linear operator on the
Banach space X. Then, we have the following:
(1) K(A) =
{
x ∈ X : 0 ∈ ρA(x)
}
.
(2) H0(A) ⊆
{
x ∈ X : σA(x) ⊆ {0}
}
(we get the equality when A has the SVEP).
We recall a characterization of the poles of the local resolvent function obtained
in the monograph [3].
Proposition 2.2. [3, Proposition 3.1] Assume that T ∈ B(X) has the SVEP and let
x ∈ X. Then, σT
(
(α − T )nx
)
6= σT (x) if and only if α is a pole of the local resolvent
function xˆT of order less than or equal to n.
The following results have been proven by T. BERMÚDEZ and al in [3]. Actually,
we can easily check that these results are also satisfactory when we choose A is a
closed linear operator with domain D(A) ⊂ X.
Corollary 2.1. [3, Corollary 3.2] Assume that T ∈ B(X) has the SVEP and let x ∈ X.
Then, the following assertions hold:
(1) If xˆT has a pole of finite order at α, then α ∈ σp(T ).
(2) The local resolvent function xˆT at x has a pole of order n at α if and only if
α ∈ σT
(
(α− T )n−1x
)
\σT
(
(α− T )nx
)
.
(3) If λ ∈ ρT (x) and y = xˆT (λ), then xˆT has a pole of order n at α if and only if
yˆT dose.
Theorem 2.1. [3, Theorem 3.3] Assume that T ∈ B(X) has the SVEP and let x ∈ X.
Then, the following assertions are equivalent:
(i) α is a pole of xˆT of order n.
(ii) There exists a unique decomposition x = y + z, such that y belongs to
N(α− T )n\N(α− T )n−1 and σT (z) = σT (x)\{α}.
Remark 2.1. Let T ∈ B(X) has the SVEP and λ ∈ C. It is well known (see [3]) that
if λ is a pole of local resolvent function xˆT for all x ∈ X does not imply that λ is a
pole of the resolvent function of T . But, if we suppose further that {λ} ( σA(x), the
implication becomes true.
Let {T (t)}t≥0 be a C0-semigroup with infinitesimal generator A. It is known
that the C0-semigroup is uniquely determined by its generator A, and we have the
following properties (see [15, Theorem 2.4]):
(1) A is closed and D(A) = X.
(2) For all x ∈ X and t ≥ 0,∫ t
0
T (s)xds ∈ D(A) and A
∫ t
0
T (s)xds = T (t)x− x. (2.2)
(3) For all x ∈ D(A) and t ≥ 0,
T (t)x ∈ D(A) and T ′(t) = AT (t)x = T (t)Ax. (2.3)
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(4) For each λ ∈ ρ(A),
(i) (λI −A)R(λ,A)x = x, for every x ∈ X.
(ii) R(λ,A)(λI −A)x = x, for every x ∈ D(A).
Lemma 2.2. [10, Lemma 5.2] Let {T (t)}t≥0 be a C0-semigroup of bounded linear
operators on a Banach space X, and let A be their infinitesimal generator. Then, the
following relations hold:
(1) R(A) =
(
λR(λ,A)− I
)
X.
(2) N(A) = {x ∈ X : λR(λ,A)x = x} = fix{T (t)},
where fix{T (t)} = {x ∈ X : T (t)x = x; ∀t ≥ 0} is the set of the fixed points of T (t).
3. MAIN RESULTS
In terms of the ergodic decomposition, we start the present section by the follow-
ing lemma which we need in the sequel.
Lemma 3.1. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on X such
that lim
t→∞
‖T (t)x‖
t
= 0 for all x ∈ X, and let A be the infinitesimal generator of T (t).
If y ∈ R(A) and z ∈ N(A), then
1
t
∫ t
0
T (s)(y + z)ds = z +O
(1
t
)
, as t→∞.
Proof. Let A be the infinitesimal generator of a C0-semigroup {T (t)}t≥0, and let C(t)
be the Cesàro averages define on (1.3).
Let z ∈ N(A). Then, according to the second statement of Lemma 2.2, T (t)z = z.
Hence, it follows that
C(t)z =
1
t
∫ t
0
T (s)zds = z.
Let y ∈ R(A). Then, there exist w belongs to domain D(A), such that y = Aw.
Hence, from the identity (2.3), we obtain
C(t)y =
1
t
∫ t
0
T (s)yds
=
1
t
∫ t
0
T (s)Awds
=
1
t
∫ t
0
d
ds
[T (s)w]ds
=
1
t
[T (t)w − w].
Therefore, ∥∥∥1
t
∫ t
0
T (s)yds
∥∥∥ ≤
∥∥∥T (t)w
t
∥∥∥+
∥∥∥w
t
∥∥∥
≤ Cste
∥∥∥w
t
∥∥∥.
Then,
1
t
∫ t
0
T (s)(y + z)ds = z +O
(1
t
)
, as t→∞.

6 LOCAL ERGODIC THEOREMS FOR C0-SEMIGROUPS
Definition 3.1. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach space X and let x ∈ X. We say that T (t) is a local mean ergodic at x if the
limit of the Cesàro averages C(t)x =
1
t
∫ t
0
T (s)xds exists when t→∞.
Remark 3.1. (1) A C0-semigroup T (t) is mean ergodic if and only if T (t) is a local
mean ergodic at x for every x ∈ X.
(2) If T (t) be a contraction semigroup of bounded linear operators on a Banach
space X and x ∈ N(A)⊕R(A), then T (t) is a local mean ergodic at x.
(3) If T (t)x→ 0 as t→∞, Then T (t) is a local mean ergodic at x.
Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a Banach space X,
we consider the following subsets of X:
X0 =
{
x ∈ X : lim
t→∞
‖T (t)x‖
t
= 0
}
. (3.1)
Xme =
{
x ∈ X : C(t)x converges
}
. (3.2)
Clearly, these two sets are invariant under the operators T (t) for all t ≥ 0, but not
necessarily closed. Currently, we denote by ω0(x), the local growth bound of T (t) at
x ∈ X, defined by
ω0(x) = inf{ω ∈ R : ‖T (t)x‖ ≤Me
ωt ; forM > 0,∀t ≥ 0}. (3.3)
Proposition 3.1. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach space X, with A be their infinitesimal generator. If lim
t→∞
‖T (t)x‖
t
= 0 for all
x ∈ X, then Xme =
{
x ∈ X : lim
t→∞
C(t)x = 0
}
⊕N(A).
Proof. From Lemma 2.2, we can easily see that{
x ∈ X : lim
t→∞
C(t)x = 0
}
∩N(A) = {0}.
Clearly, we have Xme ⊃
{
x ∈ X : lim
t→∞
C(t)x = 0
}
⊕N(A).
Now, let x ∈ Xme, then there exists an operator P ∈ B(X) such that
lim
t→∞
‖C(t)x− Px‖ → 0 as t→∞.
It known by the mean ergodic theorem [16] that the limit P is the projection of X
onto N(A) along R(A), which is equivalent that I − P is the projection of X onto
R(A) along N(A). So, we can write x = (x− Px) + Px and we can infer, from the
above, that (I − P )x ∈
{
x ∈ X : lim
t→∞
C(t)x = 0
}
and Px ∈ N(A).
Therefore, Xme ⊂
{
x ∈ X : lim
t→∞
C(t)x = 0
}
⊕N(A), and the equality hold. 
Next, we obtain some local results using the local spectral radius formula of T (t),
for all t ≥ 0, and the local growth bound ω0(x) of T (t) at x ∈ X.
Theorem 3.1. Let T (t) be a C0-semigroup of bounded linear operators on a Banach
spaceX, with A be their infinitesimal generator and let x ∈ X. If A has the SVEP, then
rT (t)(x) = e
tω0(x), for all t ≥ 0. Moreover, if x ∈ X0 then x ∈ H0(A).
We need the following auxiliary result to prove this theorem.
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Lemma 3.2. Let T (t) be a C0-semigroup of bounded linear operators on a Banach
space X, with A be their infinitesimal generator. If x ∈ X0, then ω0(x) ≤ 0.
Proof. Let T (t) be a C0-semigroup of bounded linear operators on a Banach space
X, with A be their infinitesimal generator. Let x ∈ X such that lim
t→∞
‖T (t)x‖
t
= 0.
Then, there exists a large t and ǫ > 0 such that ‖T (t)x‖ ≤ ǫt.
First, let show that ω0(x) = lim
t→∞
1
t
log‖T (t)x‖. Indeed, we use the function
t→ log ‖T (t)‖.
It is clear that, the function is subadditive. Then,
inf
t≥0
1
t
log‖T (t)x‖ = lim
t→∞
1
t
log‖T (t)x‖.
Next, we can define ω = inf
t≥0
1
t
log‖T (t)x‖, it follows that:
eωt ≤ ‖T (t)x‖ for all t ≥ 0.
Then, from the definition of ω0(x), we get ω ≤ ω0(x).
Now, let choose β > ω. Then, there exists t0 > 0 such that
1
t
log‖T (t)x‖ < β for all t ≥ t0.
Hence,
‖T (t)x‖ < eβt for all t ≥ t0,
and at [0, t0], the norm of T (t) remains bounded, then by the uniform boundedness
principle, we findM ≥ 1 such that
‖T (t)x‖ ≤Meβt for all t ≥ 0.
Therefore ω0(x) ≤ β. Since we have already prove that ω ≤ ω0(x), this implies that
ω0(x) = ω. Finally, we get ω0(x) = lim
t→∞
1
t
log‖T (t)x‖.
As mentioned above, that for a large t, we have ‖T (t)x‖ ≤ ǫt. Then,
ω0(x) ≤ lim
t→∞
1
t
log(ǫt)
≤ lim
t→∞
1
t
(
log(ǫ) + log(t)
)
.
Consequently, we obtain ω0(x) ≤ 0. 
Proof. of Theorem 3.1: Let T (t) be a C0-semigroup of bounded linear operators on
a Banach space X, with A be their infinitesimal generator. Let x ∈ X and assume
that A has the SVEP. Then, to applied the local radius formula to the operators T (t)
for all t ≥ 0 at x ∈ X, it is necessary to check that T (t) has the SVEP for all t ≥ 0.
Let us first verify that S(T (t)) ⊂ etS(A), where S(A) defines in (2.1). To show this,
and without loss of generality, it suffices to prove that eλt − T (t) has not SVEP at 0,
then λ − A has not SVEP at 0. Indeed, let λ ∈ C such that eλt − T (t) has not SVEP
at 0, then there exists (xi)i≥0 ∈ X such that:
x0 = 0,
(
eλt − T (t)
)
xi = xi−1 and sup
i
‖xi‖
1
i <∞.
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Now, we use the following identity [15, Lemma 2.2, p 45]:(
eλt − T (t)
)
x = (λ−A)Bλ(t)x for all t ≥ 0,
where Bλ(t)x =
∫ t
0
eλ(t−s)T (s)xds, which is belongs to the domain D(A) of A.
So, let’s denote yi = Biλ(t)xi, then (yi)i≥0 ⊆ D(A) and y0 = x0 = 0. Therefore
(λ−A)yi = (λ−A)Bλ(t)B
i−1
λ (t)xi
= (eλt − T (t))Bi−1λ (t)xi
= Bi−1λ (t)(e
λt − T (t))xi
= Bi−1λ (t)xi−1
= yi−1.
On the other hand, we have
‖yi‖ = ‖B
i
λ(t)xi‖ ≤ ‖B
i
λ(t)‖‖xi‖ ≤M
i‖xi‖. (3.4)
Then, there existsM > 0 such that
sup
i
‖yi‖
1
i ≤ sup
i
M‖xi‖
1
i <∞.
Therefore, λ−A has not SVEP at 0. Hence,
S(T (t)) ⊂ etS(A).
After that, we conclude that T (t) has the SVEP for all t ≥ 0 if A has the SVEP.
Consequently,
rT (t)(x) = lim
n→∞
‖T (t)nx‖
1
n for all t ≥ 0.
It follows that
rT (t)(x) = lim
n→∞
et
1
nt
log‖T (nt)x‖
= e
t lim
n→∞
1
nt
log‖T (nt)x‖
= etω0(x).
Now, we prove that x ∈ H0(A) as follows. From Lemma 3.2 and the previous
result, we obtain that, if x ∈ X0, then rT (t)(x) ≤ 1 for all t ≥ 0. Therefore,
σT (t)(x) ⊂ D(0, 1) for all t ≥ 0, where D(0, 1) is the unit disk. Let’s show that
etσA(x) ⊆ σT (t)(x) for all t ≥ 0. Indeed, let λ ∈ C such that e
λt /∈ σT (t)(x) for all
t ≥ 0, then by Lemma 2.1, there exists a sequence (xi)i≥0 ⊆ X, such that(
eλt − T (t)
)
x0 = x,
(
eλt − T (t)
)
xi = xi−1 and sup
i≥1
‖xi‖
1
i <∞.
Let yi = B
i+1
λ (t)xi, with Bλ(t)x =
∫ t
0
eλ(t−s)T (s)xds, then (yi)i≥0 ⊆ D(A) and
y0 = Bλ(t)x0. Moreover, we use the technique employed above, we obtain that :
(λ − A)yi = yi−1 for all i ≥ 1 and the inequality (3.4) implies that sup
i≥1
‖yi‖
1
i <∞.
Therefore, λ /∈ σA(x) by Lemma 2.1, hence etσA(x) ⊆ σT (t)(x), for all t ≥ 0. Since
σT (t)(x) ⊂ D(0, 1) for all t ≥ 0 and by the above inclusion, we infer that σA(x) ⊆ {0},
which yields that x ∈ H0(A). More precisely, since A has SVEP, σA(x) = {0}. 
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Corollary 3.1. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach spaceX, such that lim
t→∞
‖T (t)x‖/t = 0 for all x ∈ X. Let A be the infinitesimal
generator of T (t). If A has the SVEP, then A is bounded and σ(A) = {0}.
Proof. By Theorem 3.1, we have lim
t→∞
‖T (t)x‖
t
= 0 satisfies for every x ∈ X. Then,
H0(A) = X and by the definition of H0(A), we get X = D∞(A). Hence, X = D(A)
which implies that A is bounded. Furthermore, σ(A) = {0} comes immediately by
A has the SVEP and σA(x) = {0} for every non-zero x ∈ X. 
Our main result will be the following theorem, which we will derive from the
previous Corollary and Theorem 3.1.
Theorem 3.2. Let A be the infinitesimal generator of a C0-semigroup {T (t)}t≥0 such
that lim
t→∞
‖T (t)x‖/t = 0 for all x ∈ X. If T (t) is uniformly ergodic, then int
(
σp(A)
)
6= ∅.
Proof. LetA 6= 0 be the infinitesimal generator of a C0-semigroup {T (t)}t≥0 ⊂ B(X).
By the uniform ergodic theorem [9, Theorem], T (t) is uniformly ergodic then
X = R(A) ⊕ N(A) with R(A) is closed. Hence, for every non-zero vector x ∈ X
there exists a unique decomposition x = y + z such that y ∈ N(A) and z ∈ R(A).
Clearly, we have σA(y) = {0} and 0 ∈ ρA(z).
Now, we suppose that A has the SVEP, then we get σA(x) = σA(y) ∪ σA(z). As
shown above that A is bounded and σA(x) = {0} for every non-zero x ∈ X. Then,
we deduce that σA(z) = ∅, which implies that z = 0.
Therefore x ∈ N(A), hence X = N(A) which means that A is a zero operator.
Absurd, then A does not have the SVEP. Finally, we infer that int
(
σp(A)
)
6= ∅. 
Now, we study some conditions under which the C0-semigroup {T (t)}t≥0 satisfies
the convergence of Cesàro averages C(t) locally, i.e. T (t) is local mean ergodic at
some vector x ∈ X.
Theorem 3.3. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach spaceX, with A be their infinitesimal generator and let x ∈ X0. If one of these
assertions hold:
(1) x ∈ N(A)⊕R(A), or
(2) x ∈ K(A), which is equivalent to 0 ∈ ρA(x), or
(3) A has the SVEP and 0 is a pole of the local resolvent function xˆA of order ≤ 1.
Then, T (t) is a local mean ergodic at x.
Proof. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a Banach
space X, with A be their generator. Let x ∈ X such that lim
t→∞
‖T (t)x‖
t
= 0. Then,
(1) Obviously comes from the Lemma 3.1.
(2) It is known that K(A) is a subspace of R(A). Therefore, if x ∈ K(A), then
T (t) is a local mean ergodic at x, with the limit equal to 0.
(3) Suppose that A has the SVEP, then by Theorem 2.1 we have: 0 is a pole of
the local resolvent function xˆA of order less than or equal to 1, implies that
there exists a unique decomposition x = y + z such that y ∈ N(A)\{0} and
σA(z) = σA(x)\{0}. It follows that σA(y) = {0} and z ∈ R(A), which yields
that x ∈ N(A)⊕R(A). Therefore, T (t) is a local mean ergodic at x.
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
We observe that if T (t) is a local mean ergodic at x, does not imply that 0 is a pole
of the local resolvent function xˆA, as shown in the following example.
Example 1. Let A be the right shift operator on the Hilbert space l2(N), defined by
A(e1) = 0 and A(en+1) =
en+2
n+ 1
.
We associate A with the family T (t) = etA, which means that T (t) is a uniformly
bounded semigroup. Clearly, lim
t→∞
‖T (t)x‖
t
= 0 for all x ∈ l2(N) and σ(A) = {0},
hence int(σ(A)) = ∅, which implies that A satisfies the SVEP. Consequently, we have
σA(x) = {0} for every non-zero x ∈ l2(N). Taking x = y+z, where y = e1 and z = e3.
Its easy to see that y ∈ N(A) and z ∈ R(A) with σA(z) = {0}. Hence, by Theorem 3.3
T (t) is local mean ergodic at x.
Moreover, we have Ax = Az /∈ N(A), and by the following inclusion
σA(Az) ⊆ σA(z) ⊆ σA(Az) ∪ {0},
we have σA(Az) = {0}, if else we get σA(Az) = ∅, since A has the SVEP then Az = 0.
Absurd, then we get that the local spectrum σA(Ax) of A at Ax equal to {0}. Finally,
we deduce that σA(Ax) = σA(x), and by the seconds assertion of Corollary 2.1, we
obtain that 0 is an essential singularity of the local resolvent function xˆA.
According to the Theorem 3.1, we infer that if x ∈ X0, then x ∈ D(A). Thus,
we have the following consequences, which will come from the previous results.
Corollary 3.2. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach space X with A be their infinitesimal generator. Let x ∈ X0 and suppose that
A has the SVEP. If either of the following assertions hold:
(1) σA(x) 6= σA(Ax), or
(2) 0 /∈ σA(Ax), or
(3) rT (t)(x) < 1 for all t ≥ 0.
Then, T (t) is a local mean ergodic at x.
Corollary 3.3. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on a
Banach space X with A be their infinitesimal generator. Suppose that A has the SVEP
and T (t) is a local mean ergodic at x ∈ X. If 0 is a pole of the local resolvent function
xˆA of order n, then n ≤ 1.
Corollary 3.4. Let {T (t)}t≥0 be a C0-semigroup of bounded linear operators on X.
Let A be the infinitesimal generator of T (t) and R(., A) be their resolvent function.
Assume that lim
t→∞
‖T (t)x‖/t = 0 for all x ∈ X. If one of the following assertions holds:
(i) 0 ∈ ρ(A), or
(ii) 0 is a pole of R(λ,A).
Then, T (t) is mean ergodic.
Next, we finish with the following general remark of this paper.
Remark 3.2. (1) As mentioned above, a C0-semigroup {T (t)}t≥0 generated by A,
such that lim
t→∞
‖T (t)x‖/t = 0 for all x ∈ X and A has the SVEP, then A is
a quasi-nilpotent operator. Moreover, we can check that the Theorem 3.2 is
satisfied even if T (t) is mean ergodic.
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(2) Let A be the infinitesimal generator of the C0-semigroup {T (t)}t≥0 ⊂ B(X).
If A has the SVEP and R(A) ∩ H0(A) = {0}, then N(A) = H0(A). In this
case, we have x ∈ R(A) if and only if 0 ∈ ρ(A). Moreover, if T (t) satisfies
lim
t→∞
‖T (t)x‖/t = 0 for some x ∈ X, then T (t) is local mean ergodic at x.
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